The Anomalous X-ray Pulsars (AXPs) and Soft Gamma-ray Repeaters (SGRs) are some of the most interesting groups of pulsars that have been intensively studied in the recent years. They are understood as neutron stars (NSs) with super strong magnetic fields, namely B > ∼ 10 14 G. However, in the last two years two SGRs with low magnetic fields B ∼ (10 12 − 10 13 ) G have been detected. Moreover, three fast and very magnetic white dwarfs (WDs) have also been observed in the last years. Based on these new pulsar discoveries, we compare and contrast the magnetic fields, magnetic dipole moment, characteristic ages, and X-ray steady luminosities of these two SGRs (in the WD model) with three fast white dwarfs, to conclude that they show strong similarities corroborating an alternative description of several SGRs/AXPs as very massive and magnetic white dwarfs. The pulsar magnetic dipole moment m depending only on the momentum of inertia I, and observational properties, such as the period P and its first time derivativė P , can help to identify the scale of I for SGRs/AXPs. We analyze the pulsar magnetic dipole moment m of SGRs and AXPs when a model based on a massive fast rotating highly magnetized white dwarf is considered. We show that the values for m obtained for several SGRs and AXPs are in agreement with the observed range 10 34 emu ≤ m ≤ 10 36 emu of isolated and polar magnetic white dwarfs. This result together with the fact that for magnetic white dwarfs B ∼ (10 6 − 10 8 ) G their magnetic dipole moments are almost independent of the star rotation period (10 4 < ∼ P < ∼ 10 6 s) -a phenomenology not shared by neutron stars pulsars -suggests a possible magnetic white dwarf nature for some of SGRs/AXPs that have much smaller periods (P ∼ 10 s). Moreover, since for pulsars the dipole radiation power is proportional only to m and to the rotational star frequency, we can explain in the WD model -considering only the different scales of the magnetic dipole moment for WDs and NSs -why the steady luminosity L X for several SGRs/AXPs (and in particular the low-B SGRs) compared to those of X-ray Dim isolated neutron stars (XDINs) and high-B pulsars obey the ratio L X SGRs/AXPs /L X XDINs ∼ m WD /m NS ∼ 10 3 : all these X-ray sources have essentially the same rotational periods (P ∼ 10 s) and the X-ray luminosity is correlated to the spin-down luminosity which is equal to the dipole radiation power in the dipole model.
Introduction
Over the last decade, observational evidence has suggested that Soft Gamma-ray Repeaters (SGRs) and Anomalous X-ray Pulsars (AXPs) belong to a particular class of pulsars. The SGRs/AXPs are understood as slowly rotating neutron stars (NSs) that, in contrast to rotation powered radio pulsars and accretion powered Xray pulsars, are not powered by their spin-down energy losses, but by the energy stored in their extremely large magnetic fields B > ∼ 10 14 G. They are known as very slow rotating isolated pulsars with rotational periods in the range of P ∼ (2 − 12) s, a narrow range comparing to ordinary pulsars; and spin-down rates ofṖ ∼ (10 −13 − 10 −10 ) s/s, in contrast toṖ ∼ (10 −15 − 10 −14 ) s/s for ordinary pulsars. Their persistent X-ray luminosity, as well as the bursts and flares typical of these sources, are believed to be powered by the decay of their ultra strong magnetic fields (see Mereghetti 2008 for review) .
SGRs are observed with their bright and short bursts of soft γ-rays and X-ray radiation and hence they are considered as a subclass of gamma-ray bursts (GRBs). Moreover, their generally large spin-down rates, strong outburst energies of ∼ (10 41 − 10 43 ) erg and giant flares of ∼ (10 44 − 10 47 ) erg, make them different from the ordinary pulsars. However, the giant flares have been observed so far only from SGRs. AXPs, on the other hand, are distinguished from X-ray binaries by their narrow period distribution, soft X-ray spectrum, faint optical counterparts, and long term spin-down. However, observations performed over the last few years have led to new discoveries pointing out many similarities between these two classes of sources. The magnetar model, firstly developed for the SGRs, has also been applied to the AXPs and hence they are often classified together, suggesting that AXPs and SGRs belong to the same family.
The Magnetar Model. In the twisted magnetosphere model of magnetars, the observed X-ray luminosity L X is determined both by its surface temperature and by magnetospheric currents, the latter due to the twisted dipolar field structure (see Duncan & Thompson 1992; Thompson & Duncan 1995) . The luminosity from the hard tails observed in the X-ray spectra contributes significantly to the total energy output in AXPs/SGRs, indicating the presence of non-thermal phenomena in the magnetosphere of underlying AXPs/SGRs. The surface temperature in turn is determined by the energy output from within the star due to magnetic field decay, as well as by the nature of the atmosphere and the stellar magnetic field strength. This surface thermal emission is resonantly scattered by the magnetospheric current, thus resulting in an overall spectrum similar to a Comptonized blackbody (see e.g., Beloborodov & Thompson 2007; Rea et al. 2008 ). In addition, the surface heating by return currents is believed to contribute substantially to L X , at least at the same level as the thermal component induced from the interior field decay. Magnetar outbursts in this picture occur with sudden increases in twist angle, consistent with the generic hardening of magnetar spectra during outbursts (e.g., Kaspi et al. 2003; Woods et al. 2004) .
Furthermore, the strong magnetic field explains the confinement of the hot plasma, required for the subsequent tail with a softer spectrum pulsating at the NS rotation period, and the short bursts in almost all AXPs/SGRs with peak luminosity exceeding the Eddington limit for a NS by a few orders of magnitude, and high frequency quasi-periodic oscillations (QPOs) (see Mereghetti 2008) . The origin of the quasiperiodic oscillations (QPOs) observed in the giant flares of soft gamma-ray repeaters (SGRs) remains uncertain. Current models explore the idea that long-term quasiperiodic oscillations are trapped at the turning points of the continuum of torsional magneto-elastic oscillations in the magnetar's interior. Recently, efforts have been made using two-dimensional, general-relativistic, magneto-hydrodynamical simulations, coupled to the evolution of shear waves in the solid crust, in order to explore the viability of this model when a purely dipolar magnetic field is assumed (see Gabler et al. 2012; Gabler et al. 2013) . They showed that axisymmetric, torsional, magneto-elastic oscillations of magnetars with a superfluid core can explain the whole range of observed quasiperiodic oscillations in the giant flares of soft gamma-ray repeaters. There exist constant phase, magneto-elastic QPOs at both low (f < 150Hz) and high frequencies (f > 500Hz), in full agreement with observations. The range of magnetic field strengths required to match the observed QPO frequencies agrees with that from spin-down estimates.
The recent discovery of radio-pulsed emission in four of this class of sources, where the spin-down rotational energy lostĖ rot is larger than the X-ray luminosity L X during the quiescent state -as in normal pulsars -opens the question of the nature of these radio sources in comparison to the other SGRs/AXPs (we have also recently studied this point in . According to the fundamental plane for magnetars, a plot of L X versus the spin-down luminosity (see Rea et al. 2012 for details) , four of a total of about 20 SGRs/AXPs should have radio-pulsed emission: XTE J1810-197, 1E 1547 .0-5408, PSR J1622-4950, and SGR 1627 . Basically, is propose that the magnetar radio activity can be predicted from the knowledge of the star's rotational period, its time derivative, and the quiescent X-ray luminosity, when L X /Ė < 1. It is true that for one of these sources, SGR 1627-47, no radio emission has been detected yet, because it is unfavorably affected by distance, scattering, or lack of sensitive observations at the time its pulsed radio emission was possibly expected to be brighter. Furthermore, the discovery of 3.76 s pulsations from the new burst source at the Galactic center, using data obtained with the NuSTAR Observatory was recently reported. SGR J174529 is the fourth magnetar detected in radio wavelengths, very similar to the other radio SGRs/AXPs, where also L X /Ė ≃ 0.02 is less than one. The Swift satellite has also observed the sudden turn-on of a new radio source near Sgr A*. This result, combined with the detection of a short hard X-ray burst from a position consistent with the new radio SGR, suggests that this source is in fact a new SGR in the Galactic Center. The combination of a magnetar-like burst, periodicity and spectrum led to the identification of the transient as a likely new magnetar in outburst (see the recent works about this new SGR in Kennea et al. 2013; Mori et al. 2013 ). However, the pulsar's unusually large Faraday rotation used to estimate the magnetic field indicates a quite low value B ≫ 50 µG, in comparison with all the others magnetars. Extra information about the gas in the central 10 pc of the Galactic Center must be used for a more robust estimate of the magnetic field (see Eatough et al. 2013) . The condition L X /Ė < 1 proposed in Rea et al. (2012) that magnetars need to satisfy in order to explain the radio emission for some of these sources, in our understanding it is not well justified in the magnetar model. The basic assumption of this model is that steady X-ray luminosity and not only Xray burst and flares are powered by ultra strong magnetic fields of the star. Thus, the connection proposed between the X-ray steady luminosity and the spin-down rate of the rotational energy for the radio magnetars seems to be in contradiction with the basic assumptions of this model, where these two quantities are not correlated.
It is appropriate to recall now a few other difficulties of the magnetar model in fitting observations, following Malheiro, Rueda and Ruffini (2012) (see references therein). In particular, e.g.: (1) as recalled by Mereghetti (2008) , "up to now, attempts to estimate the magnetic field strength through the measurement of cyclotron resonance features, as successfully done for accreting pulsars, have been inconclusive"; (2) the prediction of the highenergy gamma ray emission expected in the magnetars has been found to be inconsistent with the recent observation of the Fermi satellite (see e.g., Tong & Song 2010; Tong & Xu 2011) ; (3) it has been shown that the attempt to relate magnetars to the energies of the supernova remnants (see e.g., Allen & Horvath 2004; Ferrario & Wickramasinghe 2006; Vink & Kuiper 2006; Vink 2008) or the formation of black holes is not viable (see Kasen & Bildsten 2010) .
Alternative Models. Thus, even if the magnetar model has been quite successful in explaining the phenomenology of SGRs/AXPs, no conclusive, direct measure of the surface magnetic field has been claimed yet. Furthermore, we cannot ignore that the recent astronomical observations of old SGRs (characteristic age ∼ (10 6 − 10 7 ) Myr) with low surface magnetic field (see Section 3), as well as the four SGRs/AXPs showing radio emission pointed out above, have opened space for alternative models, such as the possible presence of a fallback disk slowing down the neutron star pulsar up to the current spin period (see e. g., Alpar et al. 2011; Trümper et al. 2013) , or more exotic scenarios involving the hypothesis of quark stars (see e.g., Itoh 1970; Alcock et al. 1986; Dey et al. 1998; Malheiro et al. 2003; Horvath 2007; Paulucci & Horvath 2008; Negreiros et al. 2009 ) to explain these types of sources (see e.g., Xu 2007) .
The White Dwarf model. An alternative description of the SGRs/AXPs based on rotating highly magnetized and very massive white dwarfs has been proposed recently by Malheiro, Rueda and Ruffini (2012) , following previous work by Morini et al. (1988) and Paczynski (1990) . Moreover, observations of massive fast rotating highly magnetized white dwarfs by dedicated missions as that of the X-ray Japanese satellite Suzaku (see e.g., Terada et al. 2008c; Terada et al. 2008d; Terada et al. 2008; Terada & Dotani 2010 ) has led to a confirmation of the existence of WDs sharing common properties with NS pulsars, hence called WD pulsars (see Terada 2013 , for a latest review about white dwarf pulsars). In this new description several observational features are easy understood and well explained as a consequence of the large radius of a massive white dwarf, which manifests itself as a new scale of mass density, moment of inertia, rotational energy, and magnetic dipole momentum in comparison with the case of neutron stars:
a) The existence of stable WDs can explain, the range of long rotation periods 2 < ∼ P < ∼ 12 seconds observed in SGRs and AXPs. In particular, the fact we do not observe any SGRs/AXPs with P ≤ 2 s is a consequence of the low surface gravity and density of a white dwarf compared with those of neutron stars. Boshkayev et al. (2012) b) The long standing puzzle of the energetic balance of the SGRs and AXPs pulsars is solved: the steady X-ray luminosity L X observed is smaller than the loss of rotational energy of the white dwarf, L X <Ė rot , becauseĖ rot is ∼ 10 5 orders of magnitude larger due to the WD moment of inertia in comparison with the neutron star one. SGRs and AXPs are rotation-powered massive white dwarf pulsars in complete analogy with neutron star pulsars.
c) The large steady luminosity L X ∼ 10 35 erg/s, for such slow pulsars (Ω ∼ 1 Hz) is also understood, as a consequence of the large radius of the dense WD that produces a large magnetic dipole moment, in the range of these magnetic WDs, as we will discuss in this paper. It has usually been thought that white dwarfs could also behave as pulsar since their magnetic fields could be sufficiently strong to produce pulsar emission. In the white dwarf model, since SGRs/AXPs are magnetic white dwarfs, they are spinning too fast, close to the Kepler frequency, and not slow as in the case of neutron stars. These high WD rotational frequencies together with their large radii in comparison to the NS ones, will produce strong potential energy differences, if they are very magnetized WD, and will be able to emitted from X-rays to even Gammarays (see Kashiyama et al. 2011) . As we will see in the Section 3, several WDs were recently observed with magnetic fields up to ∼ 10 9 G, and if SGRs/AXPs are white dwarfs, the B field are even larger ∼ (10 9 − 10 10 ) G, large enough to power the pulsar emission.
d) The largeṖ observed (10 −10 − 10 −13 s/s) are also a consequence of the large WD magnetic dipole moment, as well as of the large radius and the momentum of inertia, and not only of the magnetic field, as is the case for neutron stars in the magnetar model. Overcritical magnetic fields of the order of (10 14 − 10 15 ) G are no longer needed to explain the large spin-down breaking of the SGRs and AXPs pulsars: they can be understood as highly magnetized WDs with large magnetic fields (10 8 − 10 10 ) G. Magnetic white dwarfs tend to be more massive and smaller (Tout et al. 2008) , exactly the properties shared by SGRs and AXPs as rotationally powered dense white dwarfs . Recent studies predicted that the masses of high-field magnetic WDs should be larger than the average mass of WDs (see e.g., Silvestri et al. 2007; Kawka et al. 2007 ).
e) The burst activity quite frequent in these sources is a consequence of their large angular velocity, near to break-up and close to rotational instability. In this critical situation, gravity can stress the star, producing glitches (associated sudden shortening of the period) and giving origin to the outburst and large flares observed (Kaspi et al. 2003; Woods et al. 2004) . The scale of the rotational energy delivery by these glitches is also in agreement with the outburst and giant flare energies observed of (10 41 − 10 46 ) erg, since the WD rotational energies is at least 10 4 larger than that of the NS due to the large momentum of inertia (see Figs. (4) and (7) of Malheiro, Rueda and Ruffini 2012) . The occurrence of these glitches can be explained by the release of gravitational energy associated with a sudden contraction and decrease of the moment of inertia of the white dwarf, consistent with the conservation of angular momentum. The energetics of steady emission as well as that of the outbursts following the glitch can be simply explained in term of the loss of rotational energy, in view of the moment of inertia of the white dwarfs, being much larger than that of neutron stars.
f) The small population of SGRs and AXPs observed, only 23 in more than 1800 pulsars, is also understood, [Vol. , since these WD pulsars are quite fast and very magnetic, and as a consequence rarely formed . Moreover, astronomical observations indicate that isolated magnetic white dwarfs with high magnetic field are only 10% of the total magnetic stars found (see Tout et al. 2008) . Recently, the Sloan Digital Sky Survey (SDSS) found six very massive white dwarfs with B > ∼ 10 8 G (see Kepler et al. 2012) .
Furthermore, as explained in Malheiro, Rueda and Ruffini (2012) , a possible formation mechanism of fast WDs originates in a binary system composed of a WD and a late evolved companion star, close to the process of gravitational collapse. We cannot discard the possibility that a WD can be captured by a star cluster to form such a binary system. Moreover, according to the McGill SGR/AXP Online Catalog, there are currently twenty confirmed magnetars, consisting of nine soft gamma repeaters and eleven Anomalous X-ray Pulsars, as well as six magnetar candidates (four SGR and two AXP candidates). These numbers are small relative to the total number of known rotation-powered pulsars, nearly 2000, according to the online ATNF Pulsar Catalog (see Manchester et al. 2005) . Thus, this uncommon phenomena is consistent with the possibility of a rare capture.
The origin of fast white dwarfs generated by supernovae Ia has also been investigated, where the rapidly rotating WD is formed shortly after the stellar formation episode, and the delay from stellar formation to explosion is basically determined by the spin-down time of the rapidly rotating merger remnant (see e.g., . It has been only shown recently that high-field magnetic white dwarfs (HFMWDs) might be the result of white dwarf mergers as was long-suspected (see Wickramasinghe & Ferrario 2000) . Rueda et al. (2013) showed that the merger of a double degenerate system can explain the characteristics of the magnetar AXP 4U 0142+61, consistent with an approximate 1.2 M ⊙ white dwarf, resulting from the merger of two otherwise ordinary white dwarfs of masses 0.6 M ⊙ and 1.0 M ⊙ , surrounded by the heavy accretion disk produced during the merger.
It is worth pointing out, before opening a discussion concerning difficulties of the white dwarf model in fitting observations, that the description of SGRs/AXPs as very massive and magnetized white dwarfs (B ∼ 10 8 − 10 10 G) is quite plausible and can be seen as a natural extrapolation of the star surface magnetic field of magnetized and isolated white dwarfs recently discovered, with B from 10 7 G all the way up to 10 9 G (see the recent work of Kepler et al. 2012) . It is also worth mentioning the fact that most of the observed magnetized white dwarfs are massive; see e.g. REJ 0317-853 with M ∼ 1.35M ⊙ and B ∼ (1.7 − 6.6)× 10 8 G (see e.g., Barstow et al. 1995; Külebi et al. 2010) ; PG 1658+441 with M ∼ 1.31M ⊙ and B ∼ 2.3 × 10 6 G (see e.g., Liebert et al. 1983; Schmidt et al. 1992) , and PG 1031+234 with the highest magnetic field ∼ 10 9 G (see e.g., Schmidt et al. 1986; Külebi et al. 2009 ).
It is also appropriate to recall the main difficulties concerning the white dwarf model, in order to explain some of the phenomenology of SGRs/AXPs: a) Association of Supernova Remnants (SNR) in two or three of the magnetars, is usually advocated as an indication of a neutron star nature for these sources, since SNR are considered clear signs of the collapse of a massive star. The formation mechanism of fast WDs based on a binary system proposed by Malheiro, Rueda and Ruffini (2012) , is compatible with a SNR due to the collapse of the late evolved WD companion star. Furthermore, the magnetar association to SNR is only robust in three cases (see Gaensler et al. 2001 ), but not considered significant in several other cases that were proposed in the past (see e.g., Mereghetti 2008) . The case of the association of AXP 1E 2259+586 with SNR G109.1-1.0 (CTB 109) was analyzed by Paczynski (1990) assuming the merger of a binary system of an ordinary white dwarf of mass ∼ (0.7 − 1)M ⊙ , leading both to the formation of a fast rotating white dwarf, and to the supernova remnant (see section 8 of Malheiro et al. 2012 ). The second case concerns the AXP 1E 1841-045 associated with the SNR Kes 73 (see G. Vasisht & E. V. Gotthelf 1997) where a pulsar PSR J1841-0500 was recently found located at only 4' from this AXP, supporting the binary scenario discussed before (see Note added after submission of Malheiro et al. 2012) . Thus, the existence of SNR near to the SGRs/AXPs cannot be used to clearly exclude a white dwarf nature of these sources. The third case concerns the AXP 1E 1547.0-5408 sited at the center of SNR G327.24-0.13 (see e.g. Gelfand & Gaensler 2007) , which is one of the magnetars that emitted in radio as discussed before. In our understanding, this source is in fact a neutron star pulsar, as are the others radio magnetars presented recently in , and cannot be identified with a massive white dwarf. Its outburst activity, well studied by Bernardine et al. (2011) , is due to the high surface magnetic field of this star, similar to the magnetospheric activity also observed in the Sun. We claim that this source is a high-B pulsar, but not a magnetar, since its steady luminosity can be well explained in terms of the neutron star spin-down rate energy (L X <Ė rot ), and does not require magnetic energy to produce this luminosity. b) SGRs and AXPs are associated with massive, young star clusters, but white dwarfs are usually old. Recently, two SGRs with low magnetic fields were found with characteristic ages much higher (Myr) than those of the others (see McGill catalog). The few possible associations of SGRs/AXPs with clusters of massive stars does not exclude the possibility that a white dwarf can be captured by a star cluster and form the binary system that will give origin to the fast white dwarf formation mechanism already discussed. Since, several AXPs are not located in young star clusters, the merger of two usually older white dwarfs, can also explain the small characteristic ages of these sources. As we already discussed, recently Rueda et al. 2013 showed that the merger of a double degenerate system can explain the characteristic age of the AXP 4U 0142+61, ∼ 60 kyr, consistent with the characteristic ages of several magnetars.
c) The magnetic fields of white dwarfs are not strong enough to produce pulsar emission at the slow periods as-sociated with AXPs. We have already commented on this point before and will dedicate more discussions to it when we present the values for the dipole magnetic moments of isolated and very magnetic white dwarfs. Kashiyama et al. (2011) address this point in their paper, and showed that because of the large radii and momenta of inertia of WDs, magnetic fields of B ∼ 10 6 − 10 10 G (exactly the ones obtained for SGRs/AXPs), can produce high potential energies as in normal neutron star pulsars in order to explain their large emission, from X-rays up to gammarays. d) AXPs have been shown to vary their X-ray luminosity. In particular the transient AXPs seem to contradict the assumption that quiescent X-ray luminosity is ascribed to spin-down luminosity. As explained in Mereghetti (2008) , in the best theory available, the long-term variations of X-ray emission on magnetars comes from currents supported in twisted magnetosphere or sudden reconfigurations of the magnetosphere when unstable conditions are reached. The star heated in these events will pass by through a subsequent cooling process that could explain the observed long-term decays in the soft X-ray emissions of AXPs. Thus, the origin of the X-ray variability comes essentially from magnetospheric effects and reconnections expected to occur on very magnetized WDs. This is not correlated directly to the quiescent X-ray luminosity that is associated to the spin-down luminosity for the case of the white dwarf model. Furthermore, it is interesting to pointed out that almost all the transient AXPs that show a large luminosity range variability are the some that emit in radio (except the AXP CXO J164710.2-455216 in the massive star cluster Westerlund), exactly the ones that we have already discussed, for which L X <Ė rot , withĖ rot calculated as neutron stars. This is a strong indication that the energy source for the X-ray variability and the steady luminosity have different origins: the first due to the large magnetic fields of the magnetosphere (this is expected to also happen in the magnetosphere of very magnetized rotating white dwarfs, as found in the transient radio source GCRT J1745-3009 by Zhang & Gil 2005) , and the second from the spin-down luminosity (only possible in the white dwarf model, with the exception of the radio AXPs that, as discussed in , obey a linear loglog relation between L X andĖ rot , as expected for neutron star pulsars).
e) The quasi-periodic oscillations (QPOs) at frequencies almost up to 1 kHz in SGRs following giant flares, are very high-frequency oscillations to be supported by a white dwarf. As we already discussed, axisymmetric, torsional, magneto-elastic oscillations of neutron stars can explain these QPOs. However, we do not observe directly the vibration of the crust, but only their effect on the X-ray emission. This is testified by the sporadic nature of the observed signals, that could be originated by the geometry of the magnetic field and its complex effect on the radiation beam patterns (see Mereghetti 2008) . Thus, the origin of the QPOs is possibly not associated with magneto-elastic oscillations of the star surface, but instead with more complex process due to the hot plasma of the star and magnetospheric oscillations, since the giant flare tail emission is thought to originate in the fraction of the energy released in the initial spike that remains trapped in the star magnetosphere, forming an optically thick photon-pair plasma. The same effect for very magnetized white dwarfs, optically thick pairs in equilibrium with radiation trapped by magnetic fields may also be present in the magnetosphere if the WD magnetic fields are high B ∼ 10 9 − 10 11 G, in the range of the values obtained for SGRs/AXPs in the white dwarf model. Furthermore, as we already pointed out, pair production activities in the magnetosphere of a rotating white dwarf have already been observed in the transient radio source GCRT J1745-3009 by Zhang & Gil (2005) , and also in the AE Aquarii (see e.g., Terada et al. 2008c; Terada et al. 2008d; Terada et al. 2008; Kashiyama et al. 2011 ). Thus, we cannot exclude the high frequencies of the QPOs from occurring in very massive and fast white dwarfs if they are very magnetized.
f) Hard X-ray emission (up to 1 MeV) which is highly pulsed and at a luminosity that is often more than the soft X-ray luminosity. Such a spectral feature is clearly already in evidence for rotating white dwarfs, in particular the WD AE Aquarii observed by the Suzaku satellite, following the work of Terada et al. 2008c . It was concluded, as presented in more detail in Malheiro, , that the hard X-ray pulsations observed on this white dwarf, in addition to the thermal modulation of the softer X-ray band, should have no thermal origin, but possibly the Synchrotron emission with sub MeV electrons. Since the magnetic fields for almost all SGRs/AXPs as white dwarfs are at least two orders of magnitude higher than the one of AE Aquarii (see Table 1 ) we would expected an even harder X-ray emission spectrum up to MeV.
In this work, we will discuss the magnetic dipole moment m of neutron stars and magnetic white dwarfs, to stress that the values obtained for m for SGRs and AXPs as white dwarfs are in agreement with those of polar and isolated magnetic WDs. Using the catalog of the Sloan Digital Sky Survey (SDSS) project, we selected from the sample of 480 white dwarfs that have high magnetic field strength in the range of 10 4 to 10 9 G (Kawka et al. 2007 ), 82 WDs for which both period P and magnetic field B are known. These recent astronomical observations of white dwarfs allow us to conclude that the range of the magnetic dipole moment of polar and isolated magnetic white dwarfs is 10 34 emu ≤ m ≤ 10 36 emu and also almost independent of the star period. This systematic study of magnetic white dwarfs applied to SGRs/AXPs described as white dwarf pulsars was not performed in our previous works Coelho & Malheiro 2012) . For the first time, we will show that SGRs/AXPs as white dwarf pulsars also have the same magnetic dipole moment of the magnetic WDs even with much small periods (P ∼ 10 s). Thus, the astronomical observation that the WD magnetic dipole moment for polar and isolated white dwarfs is always in the range indicated before, despite the fact that their rotational periods change from 10 4 to 10 6 s, is an important evidence that also suggests the WD na-[Vol. , ture of SGRs/AXPs, since they share these same properties. For both millisecond and long period NSs pulsars, we do not see this phenomenology, since they have quite different magnetic moments that increase with the period. The larger values of the magnetic dipole moment for a white dwarf compared to those of neutron star X-ray pulsars (10 28 ≤ m ≤ 10 31 emu), can explain for instance the large steady luminosity L X seen in SGRs/AXPs of L X ∼ 10 35 erg/s, for very slow pulsars rotational frequencies (Ω ∼ 1 Hz). Furthermore, we extend the comparison done in Malheiro, Rueda and Ruffini (2012) of the observational properties of one low-B SGR and one fast white dwarf, including the recent observations of one more low-B SGR and two other fast, magnetic white dwarfs. We conclude that several features of these two SGRs with low magnetic fields are still very similar to those of fast, magnetic white dwarfs, an important result that shows some of the SGRs/AXPs, at least these SGRs with low-B, could be identified with very fast and magnetic massive white dwarfs.
This work is organized as follow: in section 2, we discuss the standard magnetic dipole model for rotationpowered pulsars in order to show the scale of the dipole magnetic moment in WDs and NSs. In section 3, we present the recent discoveries of SGR 0418+5729 (see Rea et al. 2010 ) and Swift J1822.3-1606 (see Rea et al. 2012; ) with low magnetic field sharing some properties (Coelho & Malheiro 2012; ) with the recent detected fast WD pulsars AE Aquarii and RXJ 0648.0-4418, and the candidate EUVE J0317-855, supporting the description of some SGRs/AXPs as white dwarf pulsars. In section 3, we present the WDs magnetic dipole moments in comparison to the NSs ones, suggesting the possibility of some SGRs/AXPs belonging to a class of very fast, magnetic massive white dwarfs. Finally, in section 4 we summarize our conclusions.
The standard magnetic dipole model for rotation-powered pulsars
The magnetic dipole moment is related to the magnetic field strength at the magnetic pole of the star B p by,
where R is the star radius. If the star magnetic dipole moment is misaligned with the spin axis by an angle α, the energy per second emitted by the rotating magnetic dipole is (see e.g., Shapiro & Teukolsky 1983 and references therein),
wherem is the second derivative of the magnetic dipole moment, Ω = 2π/P its rotational frequency and c the speed of light. Thus, the physical quantity that dictates the scale of the electromagnetic radiated power emitted is, together with the angular rotational frequency, the magnetic dipole moment m of the star. The fundamental physical idea of the rotation-powered pulsar is that the X-ray luminosity -produced by the dipole field -can be expressed as originated from the loss of rotational energy of the pulsar,
associated to its spin-down rateṖ , where P is the rotational period, and I is the momentum of inertia.
Assuming that all of the rotational energy lost by the the star is carried away by magnetic dipole radiation, and equaling Eqs. (2) and (3) we deduce the expression of pulsar magnetic dipole moment,
Thus, from Eq. (1) we obtain the surface magnetic field at the equator B e as (Ferrari & Ruffini 1969 )
where P andṖ are observed properties and the moment of inertia I and the radius R of the star model dependent quantities. Within the model commonly addressed as the magnetar one (Duncan & Thompson 1992; Thompson & Duncan 1995) , based on a canonical neutron star of M = 1.4M ⊙ and R = 10 km and then I ∼ 10 45 g cm 2 as the source of SGRs/AXPs, and from Eqs. (4) and (5), we obtain the magnetic dipole moment and the magnetic field of the neutron star pulsar,
and
We will describe all SGRs and AXPs as white dwarfs of radius R = 3000 km and a mass of M = 1.4M ⊙ , consistent with recent studies of fast and very massive white dwarfs (see Boshkayev et al. 2012) . These values of mass and radius generate a momentum of inertia of I ∼ 1.26 × 10 50 g cm 2 , which we will adopt hereafter in this work as the fiducial white dwarf model parameter. Using this parameter we obtain the magnetic dipole moment and the magnetic field of the white dwarf pulsar,
These results clearly shows that the scale of the dipole magnetic moment in a WD is ∼ 10 3 times larger than for neutron stars, essentially the factor seen in the X-ray luminosity of SGRs/AXPs described as white dwarfs when compared with the L X of slow neutron star pulsars as XDINS (see e.g., Kaplan & van Kerkwijk 2005; Kaplan & van Kerkwijk 2009; Haberl 2007; Malofeev et al. 2007 ) and high-B pulsars (see e.g., Espinoza et al. 2011; Gavriil et al. 2008; Kumar & Safi-Harb 2008) that have essentially the same period (P ∼1 to 10 s) as those of SGRs/AXPs. Furthermore, the surface magnetic field for WDs is ∼ 10 5 smaller than the ones of neutron stars, eliminating all the overcritical B fields deduced in the magnetar model.
Observations of SGRs with low-B and white dwarf pulsars
In the last years, new astronomical observations of two SGRs with low magnetic field challenged the magnetar model of SGRs where the large magnetic field is the source of the steady X-ray luminosity observed, and also responsible for the outbursts seen as the main characteristic of this type of pulsar. Moreover, the characteristic ages τ = P/2Ṗ of these two magnetars SGR 0418+5729 and Swift J1822.3-1606 are τ ∼ (10 6 − 10 7 ) years, making them older compared to all other SGRs and AXPs τ ∼ (10 3 − 10 4 ) years, an age usually seen as an indication for the association of SGRs/AXPs with young neutron star produced in supernova explosions (see e.g., Rea et al. 2010; Rea et al. 2012; .
These two sources, although old possessing a low surface dipole magnetic field, are still very active, with an X-ray quiescent luminosity L X ∼ 200Ė rot (whereĖ is calculated with a neutron star momentum of inertia). To explain this energetic balance in the magnetar model, the toroidal magnetic field needs to be two order of magnitude larger than the surface poloidal field (see Ciolfi et al. 2009 ).
Furthermore, some sources have been proposed as candidates for white dwarf pulsars. A specific example is AE Aquarii, the first white dwarf pulsar, very fast with a short period P = 33.08 s (Terada et al. 2008c; Angel et al. 1981; Ferrario & Wickramasinghe 2005) . The rapid breaking of the white dwarf and the nature of the hard Xray emission pulse detected with the Japanese SUZAKU space telescope can be explained in terms of a spinpowered pulsar mechanism (Ikhsanov 1998; Ikhsanov & Biermann 2006; Ikhsanov & Beskrovnaya 2008) . Although AE Aquarii is a binary system with orbital period ∼ 9.88 hr, the power due to the accretion of matter is very likely inhibited by the fast rotation of the white dwarf (see Ikhsanov & Beskrovnaya 2012) .
More recently, the X-ray multimirror mission (XMM)-Newton satellite had observed a white dwarf faster than AE Aquarii. Mereghetti et al. (2009) showed that the X-ray pulsator RX J0648.0-4418 is a massive white dwarf with mass M = 1.28M ⊙ and radius R = 3000 km, with very fast spin period of P = 13.2 s, that belongs to the binary systems HD 49798/RX J0648.0-4418 (see Mereghetti et al. 2009; Mereghetti et al. 2011) . The luminosity L X ∼ 10 32 erg/s in this source is produced by accretion onto the white dwarf of helium-rich matter from the wind of the companion, as discussed by Mereghetti et al. (2009) . In this work, we do not consider the accretion model. Instead, we describe RX J0648.0-4418 as a rotationally powered white dwarf, and obtain the magnetic dipole moment and magnetic field using the above mentioned fiducial parameters of a fast rotating magnetized white dwarf. EUVE J0317-855, is another observed WD pulsar candidate discovered as an extreme-ultraviolet (EUV) source by the ROSAT Wide Field Camera and Extreme Ultraviolet Explorer EUVE survey (Ferrario et al. 1997; Külebi et al. 2010) . Barstow et al. (1995) obtained a period of P ∼ 725 s, which is also a fast, massive and very magnetic white dwarf with a dipole magnetic field of B ∼ 4.5 × 10 8 G, and a mass (1.31 − 1.37)M ⊙ which is relatively large compared with the typical WD mass ∼ 0.6M ⊙ . However, no pulse emission have been detected from EUVE J0317-855, which may suggest that electron-positron creation and acceleration does not occur (see Kashiyama et al. 2011) . EUVE J0317-855 has a white dwarf companion, but there is supposed to be no interaction between them because of their large separation ( > ∼ 10 3 UA). In Table 1 we extend the comparison made in Malheiro, Rueda and Ruffini (2012) of the observational properties of one low-B SGR with one fast white dwarf, including the recent observations of one more low-B SGR and two other fast and magnetic white dwarfs. We see that several features of the two SGRs with low magnetic field are very similar to those of fast, magnetic white dwarfs recently observed. These two SGRs with low-B have a characteristic ages of Myr, comparable with the WDs ages. Furthermore, for the first time, a low surface magnetic dipole field of B ∼ 10 8 − 10 9 G is still producing an outbursts: the steady L X luminosity of these low-B SGRs is still 100 times larger than their neutron star spin-down luminosity. This unusual phenomenology is not easy to accommodate in the magnetar model, and needs quite strong toroidal field in the star interior. However, in the white dwarf model, the magnetic fields of the SGR 0418+5729 and Swift J1822.3-1606 are better understood, since they are of the same order as the high magnetic fields of the fast and magnetic white dwarfs B WD ∼ (10 7 − 10 8 ) G. The steady L X luminosity of these two SGRs is also of the same order, L X ∼ 10 31 − 10 32 erg/s, as the X-ray luminosity obtained for the three magnetic and fast WDs recently observed. Furthermore, as white dwarfs, their L X luminosity is well explained by the spin-down luminosity, which is large enough. We also show that the magnetic dipole moment of these two low-B SGRs is in the same range as those of the fast and magnetic white dwarfs, m WD ∼ (10 33 − 10 34 ) emu. In the next section, we will explore more the comparison between the magnetic dipole moment of SGRs/AXPs and those of polar and isolated white dwarfs. It is true that RXJ 0648.0-4418 and EUVE J0317-855 have never displayed SGR-like Xray bursting activity. However the case of the white dwarf AE Aquarii, it has shown optical and gamma ray burst activity (see e.g., Jager & Meintjes 1993; Chadwick et al. 1995; Jager & Meintjes 2000; Oruru & Meintjes 2012) and also, hard X-ray pulsations were observed in AE Aquarii by the Suzaku satellite (see Terada et al. 2008c) . All these strong similarities between the two SGRs with low-B and the magnetic white dwarfs expressed on Table 1 , seem to indicate that some of the SGRs/AXPs, and at least these SGRs with low magnetic field, could be magnetic white Table 1 . Similarities of SGRs with low magnetic field and white dwarf pulsars. The observational properties of five sources: SGR 0418+5729, Swift J1822.3-1606, two observed white dwarf pulsars, and the candidate EUVE J0317-855. For the SGR 0418+5729 and Swift J1822.3-1606 the parameters P ,Ṗ and L X have been taken from the McGill online catalog at www.physics.mcgill.ca/ pulsar/magnetar/main.html. The characteristic age is given by Age = P/2Ṗ and the WD magnetic moment and surface magnetic field are calculated by Eqs. (8) and (9) 
Dipole magnetic moment of neutron stars and white dwarfs
The possibility that strongly magnetized white dwarfs, could behave as neutron star pulsars with a pulse emission of high-energy photons in the X-ray to γ-ray band, gave origin to interesting and very suggestive plots made for the first time by Terada et al. (2008) (see Terada et al. 2008d; Terada et al. 2008; Terada & Dotani 2010) : plots of the magnetic field strength and the dipole magnetic field as a function of the period of neutron stars and magnetic white dwarfs. In this paper, we reproduce these plots including the SGRs and AXPs as neutron stars (magnetars) and white dwarfs, using for them the fiducial parameters presented before, and including the fast WDs recently discovered.
In Fig. 1 , the magnetic dipole moment m is presented as a function of the rotational period. To calculate from Eq. (8) the values of m for SGRs/AXPs (as white dwarfs), and also for the three fast white dwarfs of Table 1 , we used the radius R = 3000 km in agreement with Boshkayev et al. (2012) , whereas for the other white dwarfs we adopted R = 10 4 km in Eq. 1, following Terada & Dotani (2010) (for NSs the radius used is R = 10 km). The magnetic dipole moment m of the two recently discovered SGRs (blue full circle) are comparable with those observed for the fast white dwarfs, also plotted (black full circles). The fast magnetic white dwarfs are separated in two classes: isolated (orange triangles) and polar (blue asterisks), very magnetic with B ∼ (10 7 −10 8 ) G, and the intermediate polar ones (gray triangle) with weaker field B ∼ 10 5 G (few isolated magnetic WDs also belong to that class). The magnetic WDs shown in Fig. 1 , form the complete sample of this type of white dwarfs for which the period P and magnetic field B are known, obtained by the Sloan Digital Sky Survey (SDSS) project. The catalog from the SDSS, contains about 9 000 objects (Eisenstein et al. 2006) . Among them, 480 white dwarfs have high magnetic field strength in the range of 10 4 to 10 9 G (Kawka et al. 2007 ). We selected 82 WDs from this sample, for which both period P and magnetic field B are known.
This plot also shows that the property of the magnetic dipole moment range 10 34 emu ≤ m ≤ 10 36 emu for isolated and polar white dwarfs, as being almost independent of the rotational period, is also reproduced by the SGRs and AXPs in the white dwarf model. In fact, the magnetic dipole moment for polar and isolated magnetic white dwarfs is always in a specific range despite the fact that their rotational period change from 10 4 to 10 6 s, a result that can be seen as part of the phenomenology of magnetic WDs. This phenomenology is also seen in almost all the SGRs/AXPs when described as white dwarfs: they have much smaller rotational periods (P ∼ 10 s) than the isolated magnetic white dwarfs and still have magnetic dipole moment essentially in the same range as those of magnetic white dwarfs (see Fig. 1 ). Furthermore, on Fig. 1 looking at the SGRs/AXPs as WDs and also the polar white dwarfs, we see a gap in period of 10 s to 10 4 s between them. The absence of magnetic WDs in this gap in period supports the formation mechanism for the SGRs/AXPs already discussed before: they could be formed in binary systems, where one of the stars is a very magnetic WD with a long period (10 4 s or more) that is spun up after the disruption of the system as discussed in Malheiro, Rueda and Ruffini (2012) or by WDs mergers (see e.g., Rueda et al. 2013; Ilkov & Soker 2013) . Thus, if this spin-up effect of polar WDs due to the breakup of binary systems (or mergers) is strong enough, it can explain how the usual long period observed for a magnetic white dwarf can bypass the star period range of 10 4 − 10 s, and become a much smaller one, as are the periods of SGRs/AXPs. This formation mechanism also indicates a possible origin for the so small number of SGRs/AXPs, as we already discussed in the introduction, since very magnetic WDs are not very common among the WDs, and binary systems with one or even two very magnetic white dwarfs are expected to be even rarer.
The near independence of the magnetic dipole moment for magnetic white dwarfs is not seen for neutron star pulsars where m is not constant with the period P but increases with it. Moreover, we do not see the same slope of m as a function of the star period (see Fig. 1 ), when we extrapolate the magnetic dipole model of normal X-ray pulsars to larger periods in the range (2 < P < 12) s as those of the SGRs/AXPs described as neutron stars (magnetar model): the slope changes abruptly producing large values of m (10 32 ≤ m ≤ 10 33 ), at least 3 order of magnitude larger than the normal neutron star pulsars. This change of the slope can only be explained by the overcritical magnetic fields deduced in the magnetar model, using the same dipole model applied for normal pulsars: magnetic fields that were never detected through the measure of cyclotron resonance spectral lines, and which are also larger than the ones that are consistent with their slope extrapolation for higher periods in Fig. 1 . The fact that magnetic WDs have the same magnetic moment, almost independent of their rotational period, and NSs do not, comes essentially from astronomical observations. However, we can try to find a physical reason for this by looking at the different origin of magnetic fields of these two classes of compact stars. The origin of the magnetic fields of white dwarfs is understood as coming from a fossil field of the progenitors that is amplified by the magnetic flux conservation when the star progenitor shrinks due to the collapse, or by systems that merge in the common envelope phase of pre-Cataclysmic Variables forming a population of isolated magnetic white dwarfs with fields of (10 6 − 10 9 ) G (Tout et al. 2008; Nordhaus et al. 2011; Wickramasinghe & Ferrario 2000) . In neutron stars, the strong magnetic fields are believed to be formed via a dynamo action in rapidly rotating protoneutron stars (Thompson & Duncan 1995) . Thus, in neutron stars the strength of the magnetic field depends intrinsically on their initial periods and on slow down effects on their actual periods.
The values for m ∼ (10 33 − 10 34 ) emu of the two SGRs with low-B, are exactly of the same order as those of the three white dwarf pulsars observed (see Table 1 ), and no more than one order as those of magnitude smaller than the lower values of the observed range for the magnetic dipole moment of magnetic white dwarfs. This result is consistent, since these sources have smaller magnetic fields when compared to the other SGRs/AXPs. The large steady X-ray emission L X ∼ 10 35 erg/s observed in the SGRs/AXPs is now understood as a consequence of the fast white dwarf rotation (P ∼ 10 s), since the magnetic dipole moment m is of the same scale as the one observed for the very magnetic and not so fast white dwarfs.
The results coming from the WDs magnetic dipole moment discussed in this paper are one more evidence suggesting that SGRs and AXPs belong to a class of very fast and magnetic massive white dwarfs.
Conclusions
We have studied the possibility of describing several SGRs/AXPs as belonging to a class of massive, fastrotating, highly magnetized white dwarfs, following the alternative description of SGRs/AXPs proposed recently in Malheiro, Rueda and Ruffini (2012) , and showed that the values for m obtained for several SGRs and AXPs are in agreement with the observed, range 10 34 emu ≤ m ≤ 10 36 emu of those of isolated and polar magnetic white dwarfs. This result, together with the fact that for magnetic white dwarfs B ∼ (10 6 −10 8 ) G their magnetic dipole moments are almost independent of the star rotation period (10 4 < ∼ P < ∼ 10 6 s), a phenomenology not seen in neutron star rotation-powered pulsars, suggests a possible magnetic white dwarf nature for several SGRs/AXPs that have much smaller periods (P ∼ 10 s). Thus, the astronomical observation that the WD magnetic dipole moment for polar and isolated white dwarfs is always in the range indicated before, despite the fact that their rotational period changes from 10 4 to 10 6 s, is an important evidence that suggests the WD nature of SGRs/AXPs, since they share these some properties, a result that constitutes one of novelties of our work. Furthermore, we showed that the scale of the dipole magnetic moment in WD is ∼ 10 3 times larger than that for neutron stars, exactly the factor seen in the X-ray luminosity of SGRs/AXPs described as white dwarfs when compared with the L X of slow neutron star pulsars, such as XDINS, and high-B pulsars that have essentially the same period (P ∼1 to 10 s) as those of SGRs/AXPs.
We also presented the recent discoveries of SGR 0418+5729 and Swift J1822.3-1606 with low magnetic fields, sharing some properties with the recently detected fast WD pulsar AE Aquarii and RXJ 0648.0-4418, and the candidate EUVE J0317-855, to support the WD description of SGRs and AXPs. In Table 1 we compared the parameters of these two SGRs with low magnetic fields described in the white dwarf model with three fast white dwarfs. We concluded from Table 1 that several features of the two SGRs with low magnetic fields are very similar to those of fast, magnetic white dwarfs, for sure one of the most novel aspects of our work. They are old, with characteristic ages of Myr, low quiescent X-ray luminosity [Vol. , L X ∼ (10 31 − 10 32 ), magnetic fields of B WD ∼ (10 7 − 10 8 ) G and magnetic dipole moments of m WD ∼ (10 33 − 10 34 ) emu. Moreover, the large steady X-ray emission L X ∼ 10 35 erg/s observed in the SGRs/AXPs is now well understood as a consequence of the fast white dwarf rotation (P ∼ 10 s), since the magnetic dipole moment m is of the same scale as that observed for the very magnetic and not so fast white dwarfs.
All these findings support the description of some SGRs/AXPs as belonging to a class of very fast and magnetic massive white dwarfs, in line with important and recent astronomical observations of massive fast rotating highly magnetized white dwarfs. We encourage future observational campaigns to verify the radius of these sources, in order to clarify the nature of SGRs/AXPs.
